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Abstract

Using the protocol developed by Lynn Batten, this paper explores the construction
of determining sets in finite projective planes that form the basis for secure cryptosys-
tems. In short, if D is a determining set in 7, then every line in 7 has a different
intersection pattern with D and thus can be uniquely identified. In other words, if
we let the lines in a finite projective plane represent different characters of the cryp-
tosystem, we can recover these characters when encrypted by identifying their different
intersection patterns with D.

We construct several determining sets with two lines and one conic and one de-
termining set with two lines and two conics. While many of these determining sets
contain fewer points than the vertex-less triangle (i.e., 3¢ — 3 points, which we use
as the threshold for an interesting determining set), such a reduction in size normally
prevents the set from being a determining set for all lines in PG(2,q). On the other
hand, most determining sets for all lines in PG(2,¢q) can not be reduced to a size of
fewer than 3¢ — 3 points. Thus, our most interesting discovery is a determining set for
all lines in PG(2,q) that only requires 3¢ — 4 points. This determining set is named
ME.



1 Introduction and preliminaries

This thesis researches relationships between finite geometry and cryptography. In particular,
we study a cryptographic protocol that was discovered by Lynn Batten in 2000 and was
patented shortly thereafter (the patent can be viewed freely on the Internet!).

1.1 Finite projective planes

Our work relies on the structure of an object in discrete mathematics called a finite projective
plane. More details about finite planes can be found in the foundational book by Hughes and
Piper [3]. A more thorough treatment of finite planes appears in the more comprehensive
book by Hirschfeld [2]. We provide some brief background information that is relevant to

our discussion.

Definition 1.1. A finite projective plane is a finite set of points along with a set of

subsets of these points, known as lines, satisfying the following three axioms.
1. Every two distinct points determine a unique line.
2. Rvery two distinct lines determine a unique point.
3. There exist four points, no three of which are collinear.

For this project, we work with a certain class of finite projective planes that are con-
structed from finite fields. A finite field contains a finite and prime power number of ele-
ments, which is often referred to as the order of the finite field. Note that a finite field of
order ¢ is denoted GF'(q). Also, all algebraic operations in GF'(q) are carried out modulo p
where ¢ = p* for some integer k.

We now describe how to obtain a finite projective plane from a finite field. Let V be a
3-dimensional vector space whose coordinates are taken from GF'(q). We define points to be
the 1-dimensional subspaces of V', and lines to be the 2-dimensional subspaces of V. One can
easily check that the axioms above are satisfied. We use the symbol 7 to represent PG(2, q)
(the finite projective geometry of dimension 2 and order ¢), which is the finite projective
plane obtained from this construction. One can use elementary counting techniques to prove

the statements in Proposition 1.2.
Proposition 1.2. Let 7 be the finite projective plane of order q. Then,
1. Every line in ™ contains q + 1 points.

2. FEvery point in m has q¢ + 1 lines through it.

thttp:/ /www.patentstorm.us/patents/6075864 /description.html



3. The total number of lines and the total number of points in 7 is ¢*> + q + 1.

In order to study objects in 7, we will need to find a way to represent points and lines
using coordinates. Just as we use ordered pairs and linear equations to represent points and
lines of R?, we need a representation for points and lines of 7. First of all, we represent points
as (a,b,c). Since points are defined to be 1-dimensional subspaces, we have a uniqueness of
representation problem. For instance, the 1-dimensional subspace spanned by (1,0, 1) is the
same as the 1-dimensional subspace spanned by (2,0,2). Thus, we only use normalized

vectors.

Definition 1.3. A normalized vector is a non-zero vector whose first (from the left) non-
zero coordinate is equal to 1. The set of all normalized vectors provide a unique representation

for the points of a projective space.

Thus, in the case of points in 7, there are only three possible forms of all points, which

are listed below:
e (0,0,1)
e (0,1, a) where a € GF(q)
e (1, a, b) where a,b € GF(q)

Note that any point not already in normalized form can be normalized by multiplying
all of its coordinates by some factor k£ in GF(q) so that the first (from the left) non-zero
coordinate is equal to 1.

Now, just as points can be represented with normalized vectors, so too can lines. That is,
any line is represented by a 2-dimensional subspace. We use the orthogonal complement of
such a space to represent it. So, normalized vectors can be used to represent both points and
lines. In 7, we use the notation [x,y, z| for a line. In other words, parentheses are used for
points, and square brackets are used for lines. It immediately follows that the point (a, b, ¢)

is on the line [z,y, z] if and only if (a,b,c¢) - [z,y, z] = 0, that is, ax + by + ¢z = 0.

1.2 Blocking sets

For this paper, it is also important to understand how a set of points in 7 can create a

blocking set, which is defined as follows.

Definition 1.4. An n-fold blocking set in w is a subset of its points, denoted B, such
that every line in 7 intersects B in at least n points. In general, note that a blocking set is
defined as a 1-fold (or greater) blocking set.



We will now construct examples of blocking sets.

Example of a 2-fold blocking set: In 7, a triangle is a 2-fold blocking set. Consider
the triangle composed of three lines, l;, ls and I3, that intersect at points P, () and R
as shown below in Figure 1. We know that any two lines determine a unique point (i.e.
intersect). Thus, if some line m (not equal to Iy, [y or I3) does not intersect with points P,
@ or R, then m intersects with B in three distinct points, that is, one point on [y, I and 3.
However, if m does intersect with point P (as illustrated in Figure 1 with a dotted line), then
it must intersect with /; in a point not equal to P. A similar result is true if m intersects
with @ or R. In short, in these cases, m intersects with B in two distinct points. Thus, all

lines in 7 intersect B in at least two points, proving that B is a 2-fold blocking set.

R

Ls

Figure 1: Triangle

Example of a semioval blocking set: Before I explain such an example, we first need

to define a semioval.

Definition 1.5. A non-empty set of points S of w is said to be a semioval if for every
point P in S, there exists a unique line | in w such that I[NS = P. That s, every point in
a semioval has a unique tangent line (i.e., a line that only intersects the semioval in that

point).

For our purpose, finding a set that is both a blocking set and a semioval would be valuable,
for such a set can form the basis of an interesting and secure cryptosystem (through a protocol
explained later). An example of a semioval blocking set is the vertez-less triangle. That is,



consider three non-concurrent lines, l1,l; and [3, and remove each of the three intersection
points, P, and R. If a line in m does not intersect any of the vertices, then it has three
points of intersection with the vertex-less triangle. However, now consider lines in 7 that do
intersect one of the vertices. It is clear that these lines intersect the vertex-less triangle in
exactly one unique point; as shown in the Figure 2 , all lines through P, @) or R intersect
the vertex-less triangle in different points on [, I or I3, respectively. It follows that every
point in the vertex-less triangle has a unique tangent through it. So, the vertex-less triangle

forms a semioval, and by the previous example, is a blocking set.

Figure 2: Vertex-less triangle

1.3 How do we create a cryptosystem?

Since the basis for the constructions of our cryptosystem comes from Lynn Batten’s work that
was mentioned in Section 1, we first discuss her cryptosystem. Although her cryptosystem
can hold for any d-blocking set where d > 2, we will only discuss her cryptosystem that calls
for a two-fold blocking set in m, called B. However, before we explain this cryptosystem,

note that the following notations will be used.

e L is the finite set of plaintexts where each needed character to form the plaintext

corresponds to some line [ in 7.
e (C is the finite set of ciphertexts.

e P is the finite set of points in 7.



Using these notations, form the incidence matrix, M, with the rows labeled with the
lines {1, s, ...,l;24441, and the columns labeled with the points pi,ps,...,pg24qe1- Recall
from Proposition 1.2 that there are ¢® + ¢+ 1 lines and points in 7, so this incidence matrix
is a square matrix of size (¢ + ¢+ 1) x (¢* + ¢+ 1). Let M; ; represent the (i, 7)™ entry in
M. If the line [; contains the point p;, then we put a 1 in position (7, 7). Else, we put a 0
in this position. Hence, M is a (0,1)-matrix. We will not be performing operations on the
entries of this matrix. Hence, the symbols we use are really arbitrary.

We can effectively think of M as the union of two disjoint incidence matrices, Mg and
M\ g. Let Mp be the incidence matrix defined by only the points P; that are in the blocking
set B, together with all of the lines on the space. Then, by Definition 1.4, we know that
each row, [; contains at least two 1s that correspond to the intersection points of the line
l; with the blocking set B. And, by Definition 1.1, we know that these two points uniquely
determine the line (or row), [;. Let M\ g be the incidence matrix of all the other points F;
that are not in B and all of the lines.

Now, we form a cryptosystem as follows. Alice wants to send her message, m’, to Bob,

using the plaintext in set £. We first require a set of keys (B, p, o) where
e 3 is the blocking set in ,
e p is a cipher on the columns of Mg, and
e 0 is a cipher on the columns of M\ p.
To have a secure cryptosystem, make the following information available as follows.
e M is made available to the public.
e 3 and p are known to both Alice and Bob.
e 0 is known only to Alice (i.e. o is private).

Let us first assume that Alice, the transmitter, wants to send a one character message,
m/, that corresponds to [. To do so, Alice applies p to the entries in [ corresponding to the
points in B and o to the entries in I corresponding to the points of 7\ B. Alice sends the
corresponding encrypted message, ¢, to Bob. After Bob receives ¢, he then applies p~! to all
the entries in the received vector (since Bob, does not know which line Alice sent) that are
in the positions of Mp. Note that Bob can do this since p and B are known to Bob, as well.
Subsequently, Bob now knows all of the decrypted values for all of the entries in the vector
in the positions of Mpg. Since B is a 2-fold block set, there are two points of incidence in
Mpg. Thus, Bob can use these two points that uniquely determine a line and the public M

to determine to which line the message corresponds. Bob then can recover m’. However, the



public, who does not know B nor p cannot recover m’ without a brute force search through
all lines. For large values of ¢, this becomes computationally infeasible.

Alice can send a message with multiple characters by sending a stream of one character
messages (i.e. vectors). Similarly, Bob can decrypt this string to uncover the original message
in the same manner as explained above.

Expanding from Batten’s above cryptosystem, the goal of this paper is to form cryp-
tosystems based off of determining sets formed from lines and conics in a finite projective
plane. In particular, a cryptosystem will be defined by how lines in 7 intersect with certain

sets of points.

1.4 Determining sets

The geometric idea used in the cryptographic protocol described above is that of a 2-fold
blocking set. However, we observe that this geometric idea has a nice generalization. As
long as each line of the plane can be uniquely recovered, the protocol will still be effective.

This leads us to the definition of a determining set which was first studied in [1].

Definition 1.6. Let D be a subset of w. Then D is called a determining set of w if for
any two distinct lines l; and l; of 7, DN I; # D NIj.

In return, note that if D is a determining set in 7, then every line in 7 has a different
intersection pattern with D (note that this definition differs slightly from the one given in
[1]). Thus, we can allow these different intersections to identify the lines. A simple example
of a cryptosystem would then be to allow each specific line to represent a given character.
Then, since the intersection of each line with points in D would be different, we could use
the incidence matrix of all lines and all points in 7 to recover the characters as explained in
Section 1.3.

The remainder of this thesis is about the construction of previously unknown determining
sets that can, in return, be used to create new cryptosystems. Note that the following sections
do not explain how these determining sets are used to create new cryptosystems since the
above protocol can be used for all constructions. Our tools will involve the geometry of lines

and conics in the finite projective plane 7.

2 Constructions of determining sets with one conic and

two lines

Let C be the conic of 7 defined by the quadratic form y* = zz. Before we construct new

examples of determining sets, we consider how lines intersect a conic. This will create three



classes of lines that will be useful in our constructions.

Definition 2.1. A skew line, a tangent line and a secant line intersect C in no points,

exactly one point or exactly two points, respectively.

Note that IC, 7 and S represent the set of all skew, tangent and secant lines, respectively.
Also L represents the set of all lines. Using elementary counting techniques and Proposition

1.2, we also know that the number of types of lines in 7 is as follows.

1. | K|= q(g—1)
2. |T|=q+1
|S|— q+1

4. | L= +q+1

The points of 7 can similarly be characterized relative to the conic, C. One can easily count
the number of non-conic points that lie on tangent lines and this amounts to a total of 2 qH)
points. Hence, not all points of 7 lie on a tangent line. The points that do lie on a tangent
line are called external points, and those that do not lie on a tangent line are called internal
points. Let £ and T represent the sets of external and internal points, respectively. It then

follows that

— alg+1)
L | |- de
2. |Cl=q+1

— a(¢=1)
3. |T|=%%

All of the constructions in this section will involve one conic, C, and two lines, [; and
l5. The intersection point of [; and [y will be referred to as point P. As point P shows to
be critical to the construction of these sets, there is one last important counting note about

point P. In particular, we want to consider the skew lines to C that intersect P.
1. If P €C (i.e., on C), there are no skew lines to C that intersect P.
2. If P € E (i.e., external to C), there are exactly “* skew lines to C that intersect P.
3. If P €I (ie., internal to C), there are exactly Z1 skew lines to C that intersect P.

While case (1) is obvious since P is on C and thus no lines through P can be skew to C, case
(2) and case (3) require a short discussion. For case (2), we assume that P is external to C.

It can easily be shown that there exist two distinct lines through P that are tangent to C,



say at points Y; and Y. Then, of the remaining ¢ — 1 points on C, there exist secant lines

to C through P that hit a unique pair of points on C. That is, there are q;—l secant lines

to C through P. Since there are a total of ¢ 4+ 1 lines through P, the number of skew lines

to C through P then must be 2. For case (3), we assume the P is internal to C. Then,

2
by definition there can be no tangent lines to C through P. For the same reasons explained
above, there would then be %1 secant lines to C through P. Thus, there must be &21 skew
lines to C through P.

All possibilities of how the sets can be constructed and corresponding locations of P are

shown in Table 1. Note that the subscript of & correlates with the construction of the set.

Case | [ NC | laNC | location of P
Sr1e | tangent | tangent external
Ssse | secant | secant external
Sssc | secant | secant on C
Sss7 | secant | secant internal
Sikxe skew skew external
Srse | tangent | secant external
S7sc | tangent | secant on C
Stre | tangent | skew external
Ssie | secant skew external

Table 1: Some possible constructions of determining sets with one conic and two lines

In the following subsections, we will construct one previously unknown determining set
for each of the constructions detailed in Table 1. In each determining set construction,
we will look to minimize the number of points in the determining set (i.e., to the extent
where, if any other point is removed from the set, it will no longer be a determining set).
However, note that one can always add more points to the determining set without losing
the properties associated with determining sets.

In terms of the number of points in a determining set, we will use the vertex-less triangle
with 3¢ — 3 points as our rough point of reference. That is, if we can construct a determining

set with less than 3¢ — 3 points, we will find it of particular interest.

2.1 Case One: S77¢

Suppose that the intersection of [; and [y occurs at P, a point external to C, and that both
[y and [ are tangent to C at points R and (), respectively. Define S77¢ as the set of points

covered by C and two lines with the following points removed:



e the points of intersection of the tangent lines to C through P (i.e., points @ and R),

and

e one point from each of the sets [ NC where [ is a line through P that is secant to C.

Note that this equates to %= points being removed.
3 g

Figure 3 illustrates Sy7¢ where gray dots correspond to the removed points. Figure 4
illustrates how the secant lines still intersect S77¢ in one point after the designated points

of C are removed.

Figure 3: S77¢

Figure 4: Secant lines through Sy7¢

Now, let us consider the number of points in S77¢,

o | 1NSrre |=q+1—1=qsince Q was removed from Sz7¢ and thus the number of

points in Sz7¢ on [y is one fewer than the total number of points on {; (i.e., ¢ + 1).



e | lbNSrre |=q+1—1=qsince R was removed from Sy7¢ and thus the number of

points in Sy7¢ on [y is one fewer than the total number of points on .

e |CNSrre|l=qg+1-2— q;21 = q;21 since (0, R and q;21 other points were removed
from S77¢ and thus the number of points in S77¢ on C is 2+ % fewer than the total

number of points on C.

Now observe that l; and Iy share the points P. Thus, by inclusion/exclusion, the total

number of points in Sr7¢ is

-1
|3775|ZQ+(q—1)+q—

2
_5q¢—3
2

Note that 5(12;3 is less than 3¢ — 3 (the number of points in the vertex-less triangle) whenever
q > 3.

Theorem 2.2. The set St7¢ is a determining set of size 5‘1—2_3 for all lines in m except

for the Q;21 skew lines through P.

Proof. First recall that there are ‘1;—1 skew lines through P, as described in the beginning of
Section 2.

Now, call £ the set of all lines in 7 except for these q;—l skew lines through P. Then,
by Definition 1.6, Sr7¢ is a determining set for £’ if and only if any pair of lines in £’ has
a different intersection pattern with Sr7¢. We will consider the intersections of lines in £’
with S7r7¢, as follows.

Table 2 represents all possible intersections of lines in £’ with Sy7¢ sorted by their
intersection size with C. Each row in Table 2 represents a possible subset of lines in £’ and
what point(s) it shares with Sr7¢. Table 2 also shows in how many ways each line of a given
type intersects with C', [; and [s.

Let X; represent one of the q;—l points of C not in S77¢ and not equal to () nor R. Also,

let Y; represent a point of C and in Sr7¢.

It is clear that any row with at most one zero indicates that lines of that type have at least
two points of intersection with S77¢. By Definition 1.1, we know that two points determine
a unique line, and thus all such lines have different intersections with S77¢. Now, we only
need to prove that lines with two or more zeros in Table 2 also have different intersections
with S7r7¢.

There are only three types of lines that have two or more zeros in Table 2. In particular,
(1) the secant line QR, (2) the secant lines QX; and (3) the secant lines RX;. We consider

these cases.

10



type | Intersects with | C' | [; | 5
tangent Q 01]q
tangent R 0lq|1
tangent X; 011
tangent Y; 1111

secant QR 01010
secant QRX; 01110
secant QY; 11110
secant RX; 0101
secant RY; 1101
secant XiX; 01111
secant Y;Y 21111
secant X;Y; 11111

skew P 0111

skew not P 0111

Table 2: Sr7¢ incidence results

1. Note that there is only one line of this type, and this is the only line that does not

intersect S77¢ at any points. Thus, its lack of intersection with S77¢ uniquely defines
it.

. There are precisely the % lines that intersect Sy7¢ with a point on [; but not with a

point on ly. Thus, if a line intersects S77¢ with a point on /; but not with a point on
ly, we know that this line actually goes through R on [, and its other defined point on

l1. Then, since two points uniquely define a line, each line in (2) is uniquely defined.

q—1

. There are precisely the %= lines that intersect S;y7¢ with a point on ls but not with

2
a point on [;. Thus, if a line intersects S77¢ with a point on Iy but not with a point

on [y, we know that this line actually goes through the removed point () on [; and its
other defined point on l,. Then, since two points uniquely define a line, each line in

(3) is uniquely defined.

Thus, we have proven that any pair of lines in £’ have a different intersection with Sr7¢. In

other words, Sr7¢ is a determining set for all lines in 7 except the L=
P.

5— skew lines through

]

11



2.2 Case Two Ssse

Now, suppose that the intersection of [; and Iy occurs at P, a point external to C, and that
both [y and l5 are secant to C at points () and S, and R and T, respectively. Define Ssse as

the above conic and two lines with the following points removed:
e point P, and

e one point from each of the sets [ N C where [ is a line through P that is secant to C.
(Note that this equates to q;—l points being removed. and that this removes points .S
and T'.)

Figure 5 illustrates the set Ssse where the gray dots represent points that have been
removed. Note that not all removed points are represented (i.e., the number of removed

points is a function of q).

l

Figure : 5335

Now, let us consider the number of points in Ssse.

e | [1NSsse|=q+1—2=¢q—1since S and P were removed from Ssse and thus the

number of points in Ssse on [y is two fewer than the total number of points on [;.

o |[bNSsse|=qg+1—2=¢g—1since T and P were removed from Ssse and thus the

number of points in Ssse on [y is two fewer than the total number of points on [s.

e |[CNSsse|=q+1— q;—l = 253 gince &L other points were removed from Sgse and

2 2
thus the number of points in Sgse on C is =% fewer than the total number of points

2

on C.

Thus, by inclusion/exclusion, the total number of points is:

|sssg|=<q—1>+<q—1>+(ﬂ>

2
_5g—1
2
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Note that E”’z—_l is less than 3¢ — 3 whenever ¢ > 5.

Theorem 2.3. The set Ssse is a determining set for all lines in w except for the %

skew lines through P.

Proof. Recall from the beginning of Section 2 that there are exactly qg—l skew lines through
P.

Now, call the set of all lines through P in 7 that are not skew lines the set £'. Then, we
can prove that Ssse is a determining set for all lines £ by using the same methodology as
the case by case analysis depicted in Table 2 in the proof of Theorem 2.2. However, for the
sake of simplicity, this methodology will not be detailed again. Instead, we will provide an
abbreviated but sufficient proof as follows.

First, note that lines [y and [, are identified by ¢ — 1 points. Then all other lines not
through P, S, or T' will intersect /; and /5 in two distinct points, and thus can be uniquely
identified.

Now, consider the lines through P. We do not include any skew lines through P in our
set £'. Then, any line through P can be identified by its intersection with Sgse, for they are
the only lines that intersect this set at a point on C and not at a point on [y nor [s.

Now, consider the lines through S and/or T. The line through S and 7' is the only such
line that does not intersect Ssse at any points on [, I nor C' and thus can be uniquely
identified by its lack of intersection. As for the lines through S and not 7', they are the only
lines that intersect Ssse at a point on Iy but not at a point on /;. Thus, if a line intersects
Ssse at a point on [, but not on [y, this line can be identified by actually going through the
removed point S on [; and its other defined point on [,. A similar argument holds true for
those lines through 7" but not S.

Thus, we have proven that any pair of lines in £’ has a different intersection with Ssse.
Or, in other words, Ssse is a determining set for all lines in 7 except the % skew lines
through P.

m

2.3 Case Three: Sssc

Now suppose that the intersection of [; and [, occurs at P, a point on C, and that both [;
and [y are secant to C at points () and R, respectively. Define the Sss¢ as the above conic
and two lines with the points () and R removed.

Figure 6 illustrates the set Sssc where the gray dots represent points that have been
removed.

Now, let us consider the number of points in Sssc.

13



Iy

Figure 6: Sssc

e | 1NSssc |=q+1—1= g since Q was removed from Sssc and thus number of points

on l; in Ssse is one fewer than the total number of points on [;.

e | [5NSssc |=q+1—1= g since since R was removed from Ssse and thus the number

of points on [y in Ssge is one fewer than the total number of points on Is.

e |[CNSssc|=q+1—2=¢q—1since Q and R were removed from Sssc and thus the
number of points on C in Ssse is two fewer than the total number of points on C.

Thus, by inclusion/exclusion, the total number of points is:

| Ssse | =q+(q—1)+ (¢ —2)
=3¢g—3

Theorem 2.4. The set Sssc is a determining set for all lines in w.

Proof. We can prove that Ssse is a determining set for all lines 7 by using the same method-
ology as in the previous proof. First, note that lines [, and [, are identified by ¢ points.
Then all other lines not through P, ), or R will intersect Sssc¢ in two distinct points on [
and [y, and thus can be uniquely identified.

Now, consider the lines through P. By construction, there are no skew lines through P.
There is only one tangent line through P, which can be identified only intersecting Sssc at
the point P. Also, any secant lines through P can be identified by intersecting Ssse at both
P and some other point on with C.

Now, consider the lines through @ and/or R. The line through @ and R is the only such
line that does not intersect Sssc at any point and thus can be uniquely identified by its lack
of intersection. As for the lines through @) and not R, they are the only lines that intersect
Sssc at a point on [, but not at a point on [;. Thus, if a line intersects Sss¢ at a point on

Iy but not at a point on /1, this line can be identified by actually going through the removed

14



point ) on [; and its other defined point on /5. A similar argument holds true for those lines
through R but not Q.
Thus, we have proven that any pair of lines in 7 has a different unique intersection with
Sssc. Or, in other words, Ssse is a determining set for all lines in 7.
O

2.4 Case Four: Sss7

Now suppose that the intersection of /; and [y occurs at P, a point internal to C and that
both [y and l5 are secant to C at points () and T, and R and S, respectively. Define Sss7 as

the above conic and two lines with the following points removed:
e point P, and

e one point from each of the sets [ NC where [ is a line through P that is secant to C.

ote that includes points () an , an 1s equates to 2= points being removed.
Note that includes point d R, and thi tes to L points being d

Figure 7 illustrates the set Sssz where the gray dots represent points that have been
removed. Note that not all removed points are represented (i.e., the number of removed

points is a function of ¢).

Figure 7: Ssst

Now, let us consider the number of points in Sss7.

o | 1NSssr|=q+1—2=¢g—1since @ and P were removed from Sssy and thus the

number of points in Sgs7 on [y is two fewer than the total number of points on [;.

e |15NSssr|=q+1—2=¢qg—1since R and P were removed from Sgs7 and thus the

number of points in Sssz on Iy is two fewer than the total number of points on [5.

e |[CNSssr|=q+1— q”;—l = q;r—l since %1 other points were removed from Sssr and
thus the total number of points in Sss7 on C is q;r—l fewer than the total number of

points on C.
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Thus, by inclusion/exclusion, the total number of points is:

|sssz|=<q—1>+<q—1>+(ﬂ)

2
_5q—3
2

Note that 5‘12—_3 is less than 3¢ — 3 whenever ¢ > 3.

Theorem 2.5. The set Sssz is a determining set for all lines in © except for the %

skew lines through P.

Proof. Recall again from the beginning of Section 2 that there are exactly % skew lines
through P.

Now, call the set of all lines through P in 7 that are not skew lines the set £'. Then, we
can prove that Sssr is a determining set for all lines £’ by repeating our techniques

First, note that lines [; and [, are identified by intersecting Sssz at ¢ — 1 points. Then
all other lines not through P, @), or R will intersect Sssz at two distinct points on [; and [,
and thus can be uniquely identified.

Now, consider the lines through P. By construction, we are not considering the skew
lines through P. Then, any other line through P can be identified by intersecting Sssz at a
point on C but not at a point on [; nor .

Now, consider the lines through @ and/or R. The line through @ and R is the only such
line that does not intersect Sssr at any point and thus can be uniquely identified by its lack
of intersection. As for the lines through ) and not R, they are the only lines that intersect
Sss7 at a point on Iy but not at a point on /5. Thus, if a line intersects Sss7 at a point on
I3 but not at a point on [y, this line can be identified by actually going through the removed
point ) on [; and its other defined point on /5. A similar argument holds true for those lines
through R but not Q.

Thus, we have proven that any pair of lines in £’ has a different intersection with Sssz.
Or, in other words, Sssz is a determining set for all lines in 7 except for the % skew lines
through P.

O

2.5 Remaining cases

There are five remaining possible constructions involving two lines and one conic. An example

of a determining set of each type is depicted below, labeled as Case Five - Case Nine.
Case Five: Siie: Suppose that the intersection of [ and I, occurs at P, a point external

of C, and that both [; and [, are skew to C. Define Sixg as the above conic and two lines

with the following points removed:
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e the point P,
e the point () where the line through ) and P is tangent to C, and

e one point from each of the sets [ N C where [ is a line through P that is secant to C.

(Note that this equates to q;—l points being removed.)

Then, Sie is a determining set for all lines in 7 except for the q;21 skew lines through

P. The set Siie is displayed in Figure 8.

Figure 8: Sicice

Case Six: S7se: Suppose that the intersection of [; and Iy occurs at P, a point external
of C, and that [, and I, are tangent and secant to C, respectively. Define S7s¢ as the above

conic and two lines with the following points removed:
e the point P,
e the point () where the line through @) and P is tangent to C, and

e one point from each of the sets [ N C where [ is a line through P that is secant to C.

Note that includes this equates to =2 points being removed.
3 g

Then, Srse is a determining set for all lines in 7 except for the % skew lines through

P. The set S7s¢ is displayed in Figure 9.
Case Seven: Srsc: Suppose that the intersection of [ and I occurs at P, a point on C,

and that [, and [, are tangent and secant to C, respectively. Define Srsc as the above conic

and two lines with the following points removed:

17



Figure 9: Srse

e the point P,
e the point R that is on /s and on C (but not equal to P), and

e the point () that is on C and not equal to R nor P.

Then, Srsc is a determining set for all lines in m. The set S7s¢ is displayed in Figure
10.

Q I,

BP/

L

Figure 10: Szsc

Case Eight: Srie: Suppose that the intersection of [; and [, occurs at P, a point
external to C and that [, and /5 are tangent and skew to C, respectively. Define S7ie as the

above conic and two lines with the following points removed:

e the point P,

e the point ) where () is on /; and tangent to C,

18



e the point R where R is on C, and the line through R and P is tangent to C, and

e one point from each of the sets [ N C where [ is a line through P that is secant to C.

Note that this removes points () and R, and this equates to q;—l points being removed.

Then, S7x¢ is a determining set for all lines in 7 except for the % skew lines through

P. The set Syxe is displayed in Figure 11.

Figure 11: sz')cg

Case Nine: Ssie: Suppose that the intersection of [; and [, occurs at P, a point external
to C, and that [, and [, are secant and skew to C, respectively. Define Sgx g as the above

conic and two lines with the following points removed:

e the point P,
e the point S where S is on C and the line through S and P is tangent to C, and

e one point from each of the sets [ N C where [ is a line through P that is secant to C.

Note that this equates to q;—l points being removed.

Then, Ssie is a determining set for all lines in 7 except for the q;—l skew lines through

P. The set Sgie is displayed in Figure 12.

2.6 Summary of all cases

All of the above constructed determining sets are summarized in Table 3. In particular, this
table depicts how many points are contained in each determining set and how many (if any)
lines must be excluded. Note that the results for cases five through nine can be calculated

similarly to those of the first four cases, as explained in Sections 2.1 - 2.4.
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Figure 12: Sgsice

Note that the determining sets S77¢, Sssz and S7xe have fewer points than the vertex-
less triangle (i.e., 3¢ — 3 points) if ¢ > 3, while Ssse, Skkce, Stse and Sske have fewer points
than the vertex-less triangle if ¢ > 5. However, note that these sets are not determining
sets for all lines in 7 (i.e., some lines had to be removed). On the other hand, Sss¢ and
Srsc are determining sets for all lines in 7 although they have the same number of points as
the vertex-less triangle. Lastly, it is important to note that the next section discusses how,
under certain conditions, it is possible to form a new determining set from S7se that has

3q — 4 points.

3 Construction of a determining set with 3¢ — 4 points

In this section, we will construct a new determining set by removing one point, X', that
meets particular conditions, from the determining set Srsc. Note that this new determining
set, referred to as the set ME, would thus only have 3¢ — 4 points, which is less than the
vertex-less triangle. Moreover, unlike our other determining sets with fewer points than than

the vertex-less triangle, the set ME is a determining set for all lines in 7.

3.1 The set ME

Suppose that the intersection of [; and [, occurs at P, a point on C, and that [; and Iy
are tangent and secant to C, respectively. Before we explain the conditions that the point
X’ must satisfy, it is helpful to define the following points in the set ME. Note that the

locations of these points are shown in Figure 13.
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Case | 1 NC IbNC | location of P | size of set | number of lines removed
Srre | tangent | tangent external 5‘1—;3 q;zl

Ssse | secant | secant external 5‘1—2_1 ‘Z;QI

Sssc | secant | secant on C 3¢ —3 None

Sss7 | secant | secant internal 5‘1—2_3 %1

Skxe skew skew external 5‘1—;1 q;zl

S7se | tangent | secant external 5‘1—; ‘5’;21

S7sc | tangent | secant on C 3¢ —3 None

Srie | tangent | skew external 5‘1—2_3 q;21

Ssie | secant skew external 5‘1—;1 q;21

Table 3: Possible constructions of determining sets with one conic and two lines

Q@ is on C and not equal to R nor P.

R is on [y and is the other secant point on C (i.e., not equal to P).

A is the intersection point on [; with the tangent line to C through R.
B is the intersection point on /; with the tangent line to C through Q.
F' is the intersection point on l, with the tangent line to C through Q.
G is the intersection point on [; with the secant line to C through RQ.

H is the intersection point on [, with the tangent line to C through G.

In a given construction of ME, X’ could be any point that meets the following three
conditions. While we will call the set of all points that satisfy these conditions candidates

for X' note that one and only one point can be designated X'.
1. X'is on I,.
2. X' is on a secant line to C through A.
3. X' is not on a skew line to C through G.

Figure 14 shows a possible location of X’. The dashed lines through X’ indicate that
X' intersects those lines, while the dotted lines not through X’ indicate that X’ can not

intersect those lines.
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Figure 13: Important points to the set ME

Figure 14: Possible location of X’
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Figure 15: The set ME with possible X’

Define the set ME as the points covered by the conic C and two lines, /; and
Iy, with the points P, (), R and X’ removed. That is, ME is the same as the set Szsc
with the additional point X’ removed. Figure 15 illustrates the set ME with the gray points

representing points not in ME.

Now, let us consider the number of points in ME.

o |LNME |=q+1—1=qsince P was removed from ME and thus the number of

points in ME on [; is one fewer than the total number of points on [y.

o | LbNME|=q+1—-3=q—2since P, X’ and R were removed from ME and thus

the number of points in ME on [, is three fewer than the total number of points on [s.

e |[CNME|=q+1—-3=q—2since P, Q and R were removed from ME and thus the
total number of points in ME on C is three fewer than the total number of points on

C.

Thus, by inclusion/exclusion, the total number of points is:

| ME|=q+(qg—2)+(¢—2)
=3q—4
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3.2 Are the three conditions of the candidates for X' necessary?

While we will prove that the three conditions of candidates for X' are sufficient to guarantee
that ME is a determining set in Section 3.4, are all of these conditions necessary? In short,
yes. In particular, the following explanations demonstrate how ME cannot be a determining
set if any of the conditions for the candidates for X' are not met.

Let us first consider condition (1), X’ is on l5. Recall that the set ME was formed by
removing one point, X', from the set Syse. Thus, this condition can easily be explained
by showing that removing a point in Srse from C or from [; to form ME prevents ME
from being a determining set. First, assume that ME is formed by removing an additional
point, X, from C. Then, the line through X and P will have no intersection with the set
ME. However, the line through P and () also has no intersection with the set ME. Hence,
it is not the case that all lines in the plane have different intersection patterns with ME,
and so ME is not a determining set. Similarly, assume that ME is formed by removing
an additional point, Y, from [;. Let Z represent the point where the line through R and
Y intersects the conic C. Then, the line through R and Y will have the same intersection
pattern with ME& as line through P and Z; that is, both lines only intersect ME& at point
Z. Thus, for the same reasons above, ME could not be a determining set. In other words,
it is clear that for ME to be a determining set, X’ cannot be on /; nor C, and then the only
remaining possibility is for X’ to be on .

Now we will consider condition (2), X’ is on a secant line to C through A. For the sake
of contradiction, assume X' is not on a secant line through A-that is, X’ is on a tangent
or skew line through A. The tangent lines to C through A are [; and the line AR, which
intersect C at P and R, respectively. Since X’ must be on [, and P and R are not elements
of ME, X’ cannot be on a tangent line to C through A. Then, X’ must be on a skew line
through A. Also, note that any skew line through A and X’ would only intersect the set ME
at point A. However, the line AR also only intersects the set ME at point A, which then
implies that ME cannot be a determining set. Thus, X’ must be on a secant line through
A.

Lastly, we will consider condition (3), X’ is not on a skew line to C through G. For the
sake of contradiction, assume that X’ is on a skew line to C through G. Then, this line
would intersect ME only at point G. However, the secant through Q)R also only intersects
C through G, which then implies that ME cannot be a determining set. Thus, X’ cannot
be on a skew line to C through G.

Thus, we have now shown that the three conditions of the candidates for X’ are necessary.
However, before we prove that these conditions are sufficient to guarantee that ME is a
determining set (see Section 3.4), we need to address one last assumption. That is, given

Sste, does at least one candidate for X' exist?
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3.3 Proof that there is always at least one Candidate for X’

Recall that the set ME is formed by removing X’ from Srsc. All points that are candidates
for X’ are obviously in Srsc (i.e. Condition (1) states that X’ is on ly). However, if there is
no point in the set of candidates for X', then there is no possible X’ to remove from Srsc.
Thus, in this section, we will prove that the set of candidates for X' always contains at least
one point and subsequently that the construction of ME is always possible.

First, we will assume a specific construction of S7se and determine which points are
candidates for X’. From this, we will determine the number of points that are candidates
for X’ depending on the value chosen for q. By proving that this number is always one
or greater, we will show that ME can always be constructed. Finally, we will use a group
theoretic argument to prove that the same results apply regardless of how we construct Srse.

Recall that we construct the set Srsc¢ from one conic, C, and two lines, [; and [, with
certain points removed. In particular, let the intersection of I; and [, occur at P, a point on
C, and let [; and [, be tangent and secant lines to C, respectively. Then, Sysc is the above

conic and two lines with the following points removed:
e the point P,
e the point R that is on /3 and on C (but not equal to P), and
e the point () that is on C and not equal to R nor P.

Thus, to define a specific construction of Sysc, we must define C, P, () and R. In
particular, let us call the first possible construction of Srsc the set Srsc1 where C is defined
by the quadratic form y* = xz, and P, @ and R are the points (1,0,0), (1,1,1) and (0,0,1),
respectively. Note that it can easily be shown that these points lie on C since they satisfy
the given quadratic form.

Recall that the point (a, b, ¢) is on the line [x,y, z] if and only if (a, b, ¢) - [z, y, z] = 0, that
is, ax + by + ¢z = 0. By manipulating this definition, we can easily prove that [ = [0,0, 1]
and Iy = [0,1,0]. We can verify that the lines are tangent and secant to C as desired. It is
also clear that [; contains P while I, contains P and (). Figure 16 illustrates Szsci.

Now that we have constructed Szsc1, we will prove the following theorem as to which

points are candidates for X’.

Theorem 3.1. Let d € GF(q) where f—f and il + 1 are both squares, and d # 0. Then, given
the construction of Stsc1, the candidates for X' are points of the form (1,0,d). Moreover,
q—3

there are (TW choices for d.

Proof. To prove that all points of the form (1,0, d) are candidates for X’, we must show that

all points of this form satisfy the needed three conditions.
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P =(1,0,0)

ll = [07 07 1]

Q=(1,1,1)

R=(0,0,1)

l2 = [07 17 0]

Figure 16: Szsc1

Let us first consider condition (1), X’ is on l5. Since Iy = [0,1,0] and it is always the
case that [0,1,0] - (1,0,d) = 0, it is clear that all points of the form (1,0, d) are on ls.

Now we will consider condition (2), X’ is on a secant line to C through A. Recall that
A is the point where the tangent line through R intersects l5. It can easily be verified that
the tangent line through R is [1,0,0]. Similarly, it is not difficult to show that (0,1,0) lies
on both [1,0,0] and Iy = [0, 0, 1], and thus the point A = (0, 1,0).

Now, we must prove that all points of the form (1,0, d) are on secant lines to C through
A. First, note that all lines through A = (0,1,0) and any point (1,0, d) must be of the form
1,0, —Cll]. To determine at how many points [1, 0, —é] intersects C, we must do the following
calculations.

Since 4 is always a square and % is a square, it follows that 4 x % = d is also a square. Thus,
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there are two possible solutions for , which then implies that the line [1,0, —%l] intersects C
at two points. That is, (1,0, d) is on the line [1,0, —é], which is a secant line to C through
A.

Lastly, we will consider condition (3), X’ is not on a skew line to C through GG. Recall that
G is the intersection point on [; with the secant line through RQ. Since R = (0,0,1) and
Q@ = (1,1,1), it can easily be verified that this secant line is [1, —1,0]. It is also not difficult
to show that (1,1,0) is on both [1,—1,0] and {; = [0, 0, 1], and thus the point G = (1, 1,0).

Now, we must prove that all points of the form (1,0, d) are not on skew lines to C through
G. That is, (1,0, d) is always on a tangent or secant line to C through G. Note that all lines
through G = (1,1,0) and any point (1,0, d) must be of the form [1,—1, _cll]' To determine

for how many points [1, —1, —é] intersect with C, we must do the following calculations.

1
[1, -1, _E] -(1,z,2%) =0

L2 +1=0
——1° —x =
d

2 +der—d=0

Thus, the number of possible solutions to x depends on the discriminant, which equals
d*> + 4d = d(d + 4). Since 4, f‘f and % + 1 are squares, it follows that 4 x % = d and
4 x (2 4+1) = d+ 4 are squares. That is, the discriminant, d(d + 4) = d* + 4d, is a square.
Since d # 0 (i.e., (1,0,0) is P), = has one solution if d = —4 or two possible solutions if
d # —4. Thus, if d = —4 (which only happens for certain values of ¢ that we identify later),
the line [1, —1, —3] intersects C at one point. That is, (1,0, d) is on the line [1, =1, —%], which
is a tangent line (i.e., not on a skew line) to C through G. On the other hand, if d # —4, the
line [1, -1, —é] intersects C at two points. That is, (1,0,d) is on the line [1, —1, —é], which
is a secant line (i.e., not on a skew line) to C through G. It is thus clear that in all possible
cases, (1,0,d) is not on a skew line to C through G.

With respect to Srsc1, we now have proven that if %f and %—i— 1 are squares, then all points
of the form (1,0, d) satisfy the needed three conditions to be candidates for X’ Moreover,
we know that there are ¢ — 1 points on [, that could be candidates for X’. It is well-known
and easily verified that half of the non-zero elements in a finite field of odd characteristic

g—

1 .
are squares. Hence, there are 4= choices for d that are squares. Some result on cyclotomy,

which can be found in the book by Storer [4] for instance, argue that roughly half (i.e., about
q—1

£=) of these squares satisfy the condition that % + 1 is also square. One of these choices for

d is d = 0, which clearly is unavailable since this gives us the point P. It follows that there
are exactly (%3} candidates for X’ of the form (1,0,d). For ¢ > 3, this number is clearly

Nnon-zero. O
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Expanding from the results of Theorem 3.1, Corollary 3.2 presents a helpful result that

allows X’ to be easily found if ¢ satisfies certain conditions.

Corollary 3.2. Recall that H is the intersection point with lo of the tangent through G.
Then, given the construction of Stsc1, if ¢ =1 (mod 4), H = (1,0,—4) is a candidate for
X'.

Proof. Recall from the proof of Theorem 3.1, we already know that the intersection with lo
of the tangent line through G is (1,0,d) where d = —4. That is, H = (1,0,—4). We only
need to show that —4 is a square.

We know that 4 is always a square, but is —1 a square? Let « be a primitive element for
GF(q) so that a9t = 1, which then implies that o’ = —1 Since g =1 (mod 4), it follows
that ‘%1 = k for some integer k. Thus, there exists a y in GF(q) such that y = o’ . Then,

—1 qg—1 q—1

note that y2 = a7 x a’'t =" = —1. That is, —1 is a square. Thus, since 4 and —1 are

squares it is clear that —4 = (—1)4 is also a square. O

We note that we can generalize both Theorem 3.1 and Corollary 3.2 so that the results
hold regardless of how Srg¢ is constructed. Recall that we chose specific coordinates for P,
@ and R on the conic C defined by y* = 2 to construct Sysc;. However, the group PG(2, q)
acts 3-transitively on the conic C, which implies that these three points on C can be moved
to any other three points. Thus, regardless of which points we select for the construction of

Stsc, we know that there is always some candidate for X’ as long as ¢ > 3.

3.4 Proof that M¢E is a determining set for all lines

Now that we know that the construction of the set ME is always possible, all we need to do
is show that M¢E is a determining set for all lines in . To do this, we will consider all of the
intersection patterns of lines in 7 with the set ME, which is shown in Table 4. Note that
we let Y; be any point on C and in ME. Also, recall that Figure 14 indicates the locations
of important points in ME while Figure 15 displays the set ME.

As shown in Table 4, all possible lines are defined by at least two points and thus can be
uniquely identified except for the following cases. However, it is shown that even in these

cases, the lines can be uniquely identified.

1. The secant lines through PY; only intersect ME in one point on C. However, these
are the only lines that intersect C in one point and no other points in ME. Thus, they

still have different intersection patterns from all other lines’ intersections patterns with

ME.
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type | Intersects with | C | [; Iy
tangent P 0 q 0
tangent Q 0| B|1or0if X’is on this line
tangent R 0l A 0
tangent Y; 1| 1] 1or0if X’is on the line
secant QR 0|G 0

secant QY; 1| 1] 1or0if X’is on the line
secant RP 00 qg—1

secant RY; 111 0

secant YiY; 2|1 1] 1or0if X’is on the line
secant PY; 110 0

skew X' 011 0

skew not X’ 0] 1 1

Table 4: Set ME incidence results

2. The tangent line through R and the secant line through QR only intersect ME in
points A and G on [, respectively. While the skew line through X’ only intersect ME
in one point on [/, X’ is on a secant line through A and not on a skew line through
G. That is, the skew lines through X’ cannot intersect [; at A nor at G and thus the
tangent line through R and the secant line through QR can be uniquely identified by
their different intersection patterns with ME.

3. The only remaining possible conflict is with the tangent line through @ if X’ lies on
it, for then this line only intersects ME at B. However, if this is the case, then there
clearly cannot be a skew line through X’ and B. Then, there is no other line that only
intersects M¢E at B.

It is thus clear that any pair of lines in 7 has a different intersection pattern with ME.

Or, in other words, ME is a determining set with 3¢ — 4 points for all lines in 7.

4 Constructions of determining sets with two conics

and two lines

While in the previous sections we constructed determining sets from one conic and two lines,
we will now consider the construction of determining sets from two conics and two lines. In
particular, we will examine such a construction involving about half of the points from each

of the two conics.
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Let C; be the conic defined by y? = 'z, and let [; and [, be the tangent lines to C; through
(0,0,1) and (1,0,0), respectively. Also, let P be the intersection point of [ and [5.

Theorem 4.1. The homogeneous coordinates for Iy and ly are ly = [1,0,0] and ly = [0,0,1],
and P is (0,1,0).

Proof. Let | have the homogeneous coordinate [1,0,0]. Then, we know that all points on [
dotted with [1,0, 0] must equal zero. It is thus clear that all points on [ must be of the form
(0,a,b). Now, any intersection point of [ with C; must satisfy the equation for C, y* = xz.
That is, a> = 0(b) or a = 0.

Hence, there is only one point on [ that intersects C; and that point is (0,0, b), which,
when normalized, is equivalent to (0,0,1). Thus, [ is tangent to C; at (0,0,1), and so | =
I, = [1,0,0).

Similarly, it can be proven that all points on [0, 0, 1] must be of the form (d,e,0) and Io
is then tangent to C; at (1,0,0), as desired.

Now consider the intersection of [; and l,. It must be of the form (0, a, b) and (d, e, 0). The
only possibility when normalized is (0, 1,0). Hence, the intersection point is P = (0,1,0). O

There are certain conditions that are vital to the eventual construction of the determining
set involving [y, ls, C; and another conic Cy. In particular, we do not want there to exist any
lines through P that are skew to both conics, for there would be no way to distinguish the

intersections of these skew lines through P. The following Theorem 4.4 is thus vital.

Theorem 4.2. Let Cy, 1y, Iy be defined as above and let Cy be defined by x* +y? + 2% — 2xy +

ezx — 2yz where 2 — e is a square. Then,
1. 1y and ly are tangent to Cy at the points (1,1,0) and (0,1,1),
2. all secant lines to Cy that contain P are skew to Co, and
3. all secant lines to Cy that contain P are skew to C;.
Moreover, the converse of this theorem holds true. That s, if the above three conditions are

met, then 2 — e is a square. Note that Figure 17 displays this construction.

Proof. We first will prove statement (1). From the proof of Theorem 4.1, we know that
points on [; are of the form (0, a,b). Hence, if [; intersects with Cy, it will be at a point of
the form (0,a,b). That is, 22 +y? + 22 — 22y + exz — 2yz = 0 when # = 0, y = a and z = b.
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(1,0,0)

Figure 17: Two conics and two lines

We then obtain:

(0)2 + a* + b? — 2(0)(a) + e(0)(b) — 2ab = 0
a?+b*—2ab=0

(a—b)?=0
(a—0b)=0
a=n~b.

Hence, the points on [; that lie on Cy are of the form (0,a,a), which when normalized is
equal to (0,1,1). Thus, /; is tangent to Cy at (0,1,1). We can similarly prove that [y is
tangent to Cy at the point (1, 1,0).

Now, it is clear that all lines through the point P = (0,1,0) are of the form [1,0, z].
Points on a line of the form [1,0, z] must be of the form either (0, 1,0) or (1,9, ’71) for z # 0.
In particular, we want to consider the lines through P that are secant to C;. Such lines would
have two points of the form (1,9, _71) as solutions to the quadratic form for C; : y* = xz.
That is, b* = =%, Hence lines of the form [1,0, 2] (and thus contain P) are secant to C; if
and only if ’71 is a square.

Now, assuming that _71 is a square (and hence the line [1,0, z] contains P and is secant

to Cy), can the line [1,0, z| also be secant to C? To answer this question, we substitute the

points on the line [1,0, z] into Cy to see if two solutions are possible. That is, we substitute
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in (1,b, %) into Cs, as shown below.

|
1+ 4+ 5 —2—~+==0
z z z

2 1
b2+b(—2+—>+<1+—2—5>=0
z z z

8 4 4 4de
A—" 4= 4 — 4= =0
z 2 22 z

8 —4
_ 6:()
z

We know that 4 is a square and recall that we assumed that _71 is a square. Hence, there

are only two solutions (and in fact any solutions) to the above if 2 — e is a square. In other

words, if 2 — e is not a square, then the lines through P and secant to C; are skew to Cs.
Statement (3) of Theorem 4.2 can be proven in the same manner as statement (2) was

proven. Also note that the converse of this theorem can be proven by reversing the steps

above. O

Definition 4.3. Define the set T in w as the set containing the points of Cy, Ca, 11 and s,

but with the following points removed:
e the point P, the intersection of l; and ly;
e the points (0,0,1) and (1,0,0), the points of tangency to the conics;

e one point from each of the sets I N (C; UCy) where [ is a line through P that is secant
to either C; or Cs.

Figure 18 illustrates the set of points in T .

Counting the numbers of points on the conics, and then on the lines, the total number

of points in 7 is:

29 — 2

|7 | = +2¢—2

=3¢—3
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Figure 18: The set 7

Theorem 4.4. The set T is a determining set for all lines in m with 3q — 3 points.

Proof. Let W; represent the qg—l points of C; not in 7, and not equal to (0,0, 1) nor (1,0, 0).
Let X; represent all points of C; and in 7. Also, let Y; represent all q;21 points of Cy not
in 7, and Z; represent all points of C, in 7 and not equal to (1,1,0) and (0,1,1). Table 5
shows how lines in 7 meet our set 7.

First note that there are no skew lines through P, and hence the entry of NA, which
stands for Not Applicable. The reason there are no skew lines through P can be shown
through the following simple calculation. We know that P has exactly ¢ + 1 lines through
it. Two of those lines are the tangent lines [; and . Also, since we have established that
there are % secant lines to C; through P that are skew to Cy (and q;21 secant lines to Cy
through P that are skew to C;), there are a total of q;21 + q;21 = ¢ — 1 such lines through P.
Then, the number of tangent lines plus the number of secant lines equals ¢ + 1 lines. Thus,
it is not possible to have any skew lines through P.

Also, note that there is only one line that does not intersect 7 and hence is uniquely
identified. As for the two situations where lines intersect with P, such lines can be uniquely
identified by intersecting 7 at one point on either C; or C5 and at no points on [; nor l. All
other possible lines intersect 7 at two distinct points on /; and [y and thus can be uniquely
identified.

Thus, we have shown that all lines in 7 have a different intersection with 7', and hence

T is a determining set for all lines in 7.

O
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type Intersects with | C; | Cy I Iy
tangent to Cy and Cy | (0,0,1),(0,1,1) 1 1 q 0
tangent to C; and Cy | (1,0,0),(1,1,0) 1 1 0 q
tangent to C W; 0 0 1 1
tangent to C} X; 1 0 1 1
tangent to Cs Y; 0 0 1 1
tangent to (s Z; 0 1 1 1
secant to C4 (0,0,1),(1,0,0) | 0 | O | O | O
secant to C W,W; 0 0 1 1
secant to Cy W;X; and not P | 1 0 1 1
secant to Cy W;X; and P 1 0 0 0
secant to Cy XiX; 2 0 1 1
secant to Cy YiY; 0 0 1 1
secant to Cy Y;Z; and not P 0 1 1 1
secant to Cy Y;Z; and P 0 1 0 0
skew to C; and Cy P NA | NA | NA | NA
skew to C; and Cy not P 0 0 1 1

Table 5: The set 7 incidence results

5 Conclusions

By using Batten’s idea of determining sets as explained in [1], we were able to construct eleven
previously unknown determining sets, all of which can form the basis of a cryptosystem.
While many of these determining sets contained fewer points than the vertex-less triangle,
certain restrictions had to be in place (i.e., they were not determining sets for all lines in 7).
Also, some determining sets could not possess fewer points than the vertex-less triangle for
reasons explained in Section 5.1.

In fact, the only determining set for all lines in 7 that contained fewer points that the
vertex-less triangle was ME. For this reason, ME is certainly the most important result of
this paper. While ME is the only such determining set that we know of, we suspect other
such determining sets may exist. In particular, we believe that the fundamental approach
of this paper can be applied to find more determining sets, and thus allow for secure and
previously unknown ways to construct cryptosystems. Other possible ways to construct new

determining sets are touched upon in Section 5.2.
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5.1 Why some determining sets can not have fewer than 3¢ — 3

points

The determining sets Sssc, Ssr¢ and 7 have 3¢ — 3 points. The reason additional points
cannot be removed from determining sets of these forms is as follows.

Although Szse only has 3¢ — 3 points, recall that we were able to use this set to create
set ME, which has 3¢ — 4 points.

Now, let us consider the case of Ssse. Assume an additional point, X, is removed from
the conic, C. Then, the line through X and P will only intersect the set Sssc¢ in the point
P. However, the tangent line through P only intersects the set Ssse in the point P as well.
Hence, it is not the case that all lines in the plane have different intersection patterns with
our set, and so Sss¢ is not a determining set. Similarly, assume that an additional point
Y is removed from one of the lines. Then the line through Y and @ (or R depending as to
which line Y is on) will have no intersection with the set Sssec. However, the line through
() and R has no intersection with the set Sssc as well. Hence, for the same reason as above,
Sssc can not be a determining set.

Lastly, let us consider the case with two conics, the set 7. If any additional point, X, is
removed from C; or Cs, then the line through P and X will not intersect 7. However, the
line through (0,0, 1) and (1,0, 0) also does not intersect 7 and thus can not be a determining
set. Now, assume that a point Y is removed from [; and that the line through ¥ and (1,0, 0)
intersects C; at point Z. Then, the line through Y and (1,0,0) only intersect the set 7 at
point Z. However, the line through P and Z also only intersects the set 7 at point Z and
thus 7 can not be a determining set. Lastly, assume that an additional point W is removed
from I, and that the line through W and (0,0, 1) intersects C; at point V. Then, using the
same logic as with removing X from [y, the line through W and (0,0, 1) and the line through
P and W only intersect 7 in the point V. Thus, the set 7 cannot be a determining set.

5.2 New ideas

One obvious way to expand this paper’s constructions of determining sets would be to
explore other possible constructions involving two conics and two lines. In particular, one
may explore lines that are secant and/or skew to one or both of the conics.

Similarly, more interesting determining sets may arise from constructions involving only
one line and two conics. With the exception of ME, we have shown that our determining
sets either can not have less than 3¢ — 3 points or must possess certain restrictions (i.e.,
cannot be a determining set for all lines in 7). However, perhaps if different points were
removed from the conic or lines, this would not be the case.

Lastly, there is no reason to limit our search for determining sets in 7 to two lines and
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one or two conics. Since the possibilities are certainly not limited, we believe that more
explorations of determining sets in finite projective planes will yield more interesting and
new cryptosystems. Even more so, we believe it may be possible to uncover a methodology

that will help to construct such interesting determining sets.
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